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Flexible piezoelectric mechanical energy harvesters (MEHs) are of recent interest as an important

emerging variant of traditional piezoelectric devices. The design of stacking multilayer MEHs with

adhesive in between is an effective way to enhance the magnitude of power generation. Here, we

present an analytic model to study the mechanical behavior of the multilayer MEHs based on lead

zirconate titanate (PZT) subjected to Euler buckling. Being different from the hypothesis of the

plane section for the entire stack, it is found that each polyimide (PI) layer holds plane section of

its own, while soft adhesives serve as shear lags. Accordingly, the neutral mechanical plane is split

into multiple ones. The deformation is almost the same for each PI layer, as well as PZT arrays,

which is very beneficial to avoid the premature failure of devices. The extreme cases and the

transition of these cases are all captured quantitatively with a unified analytic model which is

verified by the finite element method. A dimensionless parameter is obtained to characterize the

degree of the splitting of neutral mechanical plane, which is significant for the design of the

multilayer PZT MEHs. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4927677]

Piezoelectric devices have been under rapid development

in recent years and they provide many important potential

applications such as piezoelectric mechanical energy harvest-

ers (MEHs). As researchers continue looking for new

sources of energy for sustainable future, piezoelectric materi-

als, such as ZnO,1 lead zirconate titanate (PZT),2,3 and

Poly(vinylidenefluoride) (PVDF),4 emerge as prospective sol-

utions that can produce electrical energy from mechanical

motion of natural body processes (e.g., walking and breathing)

via their ability to convert mechanical motions to electric

power.5 PZT based nanogenerators are being investigated

because they can generate much higher power and voltage

outputs than other semiconductive nanomaterials, and can

offer high efficiency (�80%) in mechanical to electrical

energy conversion.6 PZT has excellent piezoelectric property;

however, it has a disadvantage due to its brittleness as a ce-

ramic material and its strain limitation (<1%).7 To overcome

this limitation, devices built with PZT, including other brittle

piezoelectric materials, were typically integrated with stretch-

able substrates, as demonstrated by several research groups.8,9

For instance, the integration of piezoelectric PZT ribbons onto

flexible rubber substrate (e.g., Polydimethylsiloxane (PDMS))

offers an efficient and flexible energy conversion that creates

a new opportunity for future energy harvesting systems.8,10

Recently, a co-integrated collection of such energy harvesting

elements in multilayer configuration with rectifiers and micro-

batteries provided an entire flexible system. The system is ca-

pable of viable integration with the beating heart via medical

sutures and operation with a high peak voltage of 8.1 V and

efficiency of �2%.3

The magnitude of power generation to power bio-medical

devices is an important aspect. It can be enhanced by stacking

multiple PZT MEHs, as demonstrated in Fig. 1(a). Bending

test shown in Fig. 1(b) reveals that peak voltage could be

increased from 3.7 V (single PZT MEH) to 5.8 V and 8.1 V by

stacking 3 and 5 PZT MEHs,3 respectively. The mechanical

behavior of the multilayer PZT MEHs is rather complex due

to the coupling deformation among the polyimide (PI) layers

and silicone layers, which serve as the substrates of PZT

arrays and adhesive layers, respectively. From the view point

of mechanical strength, the ideal design is that all the PZT

MEHs reach their respective failure strength simultaneously,

so that the failure strength of the entire stack is exactly that of

a single MEH. Improper design may induce premature failure

of the devices. Here, the mechanical behavior of multilayer

PZT MEHs is studied via both a quantitative analytic model

and the finite element method (FEM).

Figure 1(c) shows a model for a stack of length L con-

sisting of three PI layers with thickness tPI and two silicone

layers with thickness tsilicone in between. The influence of the

attached PZT arrays on the PI layers is neglected so that the

analysis is focused on the essence of the problem. Euler

buckling dominates the deformation mode of the stack that is

subject to compression DL. The mechanical behavior of a

single-layer PI has been well studied by Song et al.,11 as
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well as by Su et al.12 in the systematic theory of buckling.

The vertical and horizontal displacements are obtained as

w0 ¼
A

2
1þ cos

2px

L

� �

u0 ¼
pA2

16L
sin

4px

L
� DL

L
x;

8>>><
>>>:

(1)

where A ¼ ð2L=pÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffieapplied � e0
p

is the amplitude, eapplied

¼ DL=L and e0 ¼ p2t2
PI=ð3L2Þ are the applied strain and

membrane strain, respectively. The membrane strain e0 is

much smaller than the applied strain eapplied, and can be

neglected for simplification. Therefore, A ¼ ð2L=pÞ ffiffiffiffiffiffiffiffiffiffiffiffiffieapplied
p

will be used in the following derivation. The assumption of

plane section is usually used for the bending of the multi-

player stacks. However, the assumption is only applicable to

the stacks with similar Young’s moduli.13 Here, the assump-

tion is relaxed so that each PI layer holds plane section of its

own and the adhesive (silicone) layers serve as shear lags

transferring shear stresses between PI layers14 because adhe-

sive layers are relatively thin and soft. Being inspired by the

analysis of a single layer PI, it is reasonable to assume that

the vertical displacement for a single-layer PI holds for the

PI layers in the multilayer stack while the difference appears

in the horizontal displacement and membrane strain due to

the shear effect of soft silicone. Let

ui ¼ u0 þ Dui; (2)

be the horizontal displacement of the central axis of PI layer

i, where Dui is the displacement increment with respect to

that of a single layer, i ð¼�1; 0; 1Þ denotes the number of PI

in the stack as shown in Fig. 1(c). The symmetric condition

and the boundary condition for the displacement increment

are

Duiðx ¼ 0Þ ¼ Duiðx ¼ L=2Þ ¼ 0; (3)

since u0 meets the boundary condition u0ðx ¼ L=2Þ
¼ �DL=2. According to the analysis by Song et al.,11 the

membrane strain of a single-layer PI without soft adhesives

is e0 ¼ p2t2
PI=ð3L2Þ, which is quite small and can be

neglected. (The correctness is also confirmed by the final

agreement of the finite element results and the analytic cal-

culation based on this assumption.) Therefore, the membrane

strain and its increment with respect to that of a single-layer

PI become

em;i ¼ Dem;i ¼
@Dui

@x
: (4)

On the other hand, the shear strain of a silicone layer, as

shown in Fig. 1(d), consists of both the horizontal mismatch

of adjacent PI layers and the gradient of the vertical displace-

ment,14 which gives

csi;i ¼
ui þ

dw0

dx

tPI

2

� �
� ui�1 �

dw0

dx

tPI

2

� �
tsi

þ dw0

dx

¼ Dui � Dui�1

tSi
þ 1þ tPI

tSi

� �
dw0

dx
: (5)

With a given applied compression DL, the total elastic

energy of the whole system consists of the membrane energy

and bending energy of PI layers and shear energy of silicone

layers

FIG. 1. (a) Stacking and (b) bending

test of three PZT MEHs. (c)

Theoretical model for a stack of three

PZT MEHs. (d) Shear strain of a sili-

cone layer.
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U ¼
X1

i¼�1

ðL=2

0

1

2

EPItPI

1� �2
PI

e2
m;i þ

1

24

EPIt
3
PI

1� �2
PI

d2w0

dx2

� �2
" #

dx

þ 1

2

Esitsi

2 1þ �sið Þ
X1

i¼0

ðL=2

0

c2
si;idx; (6)

where EPI and Esi are the Young’s moduli, and �PI and �si

are the Poisson’s ratios of PI and silicone, respectively.

Variation of the total elastic energy of the whole system, to-

gether with Eq. (3), gives the governing equations

@2Du1

@x2
� ab

2tsi

Du1 � Du0

tSi
þ 1þ 1

b

� �
dw0

dx

� �
¼ 0

@2Du0

@x2
þ ab

2tsi

Du1 þ Du�1 � 2Du0

tSi

� �
¼ 0

@2Du�1

@x2
þ ab

2tsi

Du0 � Du�1

tSi
þ 1þ 1

b

� �
dw0

dx

� �
¼ 0;

8>>>>>>>>><
>>>>>>>>>:

(7)

where a ¼ ½Esið1� �2
PIÞ�=½EPIð1þ �siÞ� is a dimensionless

constant that scales with the Young’s modulus ratio and

b ¼ tsi=tPI is the thickness ratio. The differential equation

system (7), together with the vertical displacement Eq. (1)

and the boundary condition Eq. (3), gives the solution for the

displacement increments as

Du0 ¼ 0; Du1 ¼ �Du�1 ¼
2Lac 1þ bð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffieapplied

p

ac2 þ 8p2b
sin

2px

L

� �
;

(8)

where c ¼ L=tPI is the aspect ratio of the PI layer. According

to the geometrical relation in Eq. (4), the membrane strain of

each layer is obtained as

em;0 ¼ 0; em;1 ¼ �em;�1 ¼
4pac 1þ bð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffieapplied

p

ac2 þ 8p2b
cos

2px

L

� �
:

(9)

PZT arrays are located at the surface center (x¼ 0) of

each PI layer. The strain at this location is of importance.

The maximum bending strain at the center is

ebending;maxjx¼0 ¼ �
tPI

2

d2w0

dx2

����
x¼0

¼
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
eapplied
p

c
; (10)

which is the same for all the PI layers. The membrane strain

is different for each PI layer according to the results in Eq.

(9). Define

g ¼ Dem;1

ebending;max

����
x¼0

¼ 2ac2 1þ bð Þ
ac2 þ 8p2b

; (11)

as the ratio of the membrane strain to the maximum bending

strain at the center. It represents how different the strain is

among these PI layers. Figure 2 shows the trend of g with the

change of a and b. Soft (small a) and thick (big b) adhesive

gives small g, for instance, g ¼ 0:296 for a ¼ 0:0000142 and

b ¼ 0:133 in the experiment design (EPI ¼ 2:5 GPa,

�PI ¼ 0:34, and tPI ¼ 75 lm, for PI; Esi ¼ 60 kPa, �si ¼ 0:49,

and tsi ¼ 10 lm, for silicone; L ¼ 2:5 cm), which means that

the membrane strains of the top and bottom PI layers are

small, and the strain distribution is almost the same (see

Figure 3(a)) for each PI layer. In this case, plane section holds

for each PI layer, and multiple neutral mechanical planes exist

in the stack, which is called splitting of neutral mechanical

plane.13 Equation (11) incorporates the extreme cases: (1) g ¼
0 for Esi ¼ a ¼ 0, in which all the membrane strains are zero

and each PI layer deforms as a single layer, and the neutral

mechanical plane is split into multiple ones; (2) g ¼ 2 for

tsi ¼ b ¼ 0, in which the plane section holds for the whole

stack of the three PI layers with thickness 3tPI, where only

one neutral mechanical plane exists; (3) g ¼ 2ð1þ bÞ for

Esi ¼ 1 and a ¼ 1, in which the plane section holds for the

whole stack of the three PI layers together with the two adhe-

sive layers with thickness (3tPIþ 2tsi), where only one neutral

mechanical plane exists. The other extreme case is that tsi ¼
1 and b ¼ 1. However, the present analytic model is based

on the assumption that the adhesive layer is relatively thin

(and soft). Otherwise, the assumption of shear lag for the ad-

hesive layers does not hold. Therefore, the resulting equations

are not valid for this extreme case. Besides these extreme

cases, the transition regimes can be captured by g as well,

which will be shown in the next paragraph and Fig. 3. The

dimensionless parameter g in terms of the materials and

FIG. 2. Ratio of membrane strain to bending strain versus (a) the dimension-

less constant a and (b) the thickness ratio b.
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geometry properties clearly characterizes the degree of split-

ting of the neutral mechanical plane for the multilayer stack.

The axial strain of each PI layer consists of both bend-

ing strain and membrane strain. For each layer of PI, the

bending strain is the same as ebending;ijx¼0 ¼ ½z� iðtPI þ tSiÞ�
=½tPI=2�ebending;maxjx¼0, where i denotes the layer number and

z� iðtPI þ tSiÞ is the distance from the current location to

the central axis of the ith PI layer (Fig. 1(c)). On the other

hand, extension of Eq. (11) gives the membrane strain for

the ith PI layer as Dem;1jx¼0 ¼ ig ebending;maxjx¼0. These

derivations, together with Eq. (10), yield the distribution of

the axial strain at x¼ 0 as

eijx¼0 ¼
z� i tPI þ tSið Þ

tPI=2
þ ig

� �
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
eapplied
p

c
; (12)

where the vertical coordinate z starts from the center of mid-

dle PI layer.

Finite element analysis by ABAQUS software pack-

age15 is used to validate the analytic results of Eq. (12) in the

main text. Plane strain models are established with the sizes

which are the same as those in the analytic model. Four-node

bilinear plane strain element CPE4R is adopted for both PI

layers and adhesive layers, without any assumption of plane

section or shear lag. Symmetric boundary condition is

imposed and only the right half model with length L/2 is ana-

lyzed. Axial compression is applied by displacement loading

DL=2 ¼ 2:5 mm on the right edge. In order to yield the buck-

ling model, small perturbation along the vertical direction is

applied. The strain distribution along the axial direction is

extracted for comparison with the analytic results.

As shown in Fig. 3, the prediction by Eq. (12) agrees

well with the FEM for both the extreme cases as discussed

above (Figs. 3(a) and 3(d)) and the transition cases (Figs.

3(b) and 3(c)). For the design of the experiment, Fig. 3(a)

shows that the adhesive is soft and thick enough so that the

strain distribution on each PI layer is almost the same. No

premature failure occurs on the top and bottom devices.

Figures 3(b) and 3(c) show that the analytic model is capable

of predicting the transition regimes with harder and thinner

adhesive layers. Figure 3(d) verifies the extreme case of zero

thickness of adhesive layers. In the experiment,3 the stacks

of both three layers and five layers are adopted. The solution

of the stack of five layers can be obtained with the same

approach but more equations. It is verified by FEM that the

five PI layers deform separately with very little interaction

when the thickness and Young’s modulus are the same as in

the three layers stacked PI, as shown in Fig. 4.

Smaller value of g implies a greater degree of splitting

of the neutral mechanical plane and more similar distribution

of the strain for each PI layer. From this point of view, softer

FIG. 3. Comparison of axial strain distributions (DL ¼ 5 mm) between ana-

lytic model and FEM for (a) the experimental design (g ¼ 0:296;
Esi ¼ 60 kPa; tsi ¼ 10 lm), designs with (b) harder adhesives (g ¼ 1:36;
Esi ¼ 600 kPa; tsi ¼ 10 lm), (c) thinner adhesives (g ¼ 1:21, Esi ¼ 60 kPa,

tsi ¼ 1 lm), and (d) adhesives of zero thickness (g ¼ 0; tsi ¼ 0), respectively.

FIG. 4. Axial strain distribution for a stack of five PI layers.
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and thicker adhesive layer is more beneficial to avoid the

premature failure of devices. One extreme case is the empty

gap instead of any adhesives. However, the other function of

the adhesive is bonding the devices together to avoid physi-

cal separation. Therefore, the quantitative analysis of the

splitting of the neutral mechanical plane is necessary and

significant.

In summary, the mechanical behavior of the stack design

for piezoelectric energy harvester is studied by an analytic

model and verified by FEM. The ratio of the membrane strain

to the bending strain at the center is obtained analytically to

characterize the strain distribution of PI layers and the degree

of the splitting of neutral mechanical plane. Soft and thick ad-

hesive reduces the interaction among PI layers and is helpful

for the splitting of the neutral mechanical plane and avoiding

the premature failure of the whole devices.
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